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1.2 PURPOSE 
1.2-1 There have been many changes in the teaching of elementary 
mathematics during the last twenty years. but none perhaps so 
significant as the growing tendency to regard any mathematical 
education as incomplete which does not include something of the 
fundamental ideas of the calculus. This follows the belief that 
students gain more from encountering new ideas than from strengthen-
ing their power of technique in formal algebra. geometry or trigo-
nometry. A useful pedagogical purpose has been served if this 
instills within him the desire to continue his studies of 
mathematics. 
1.2-2 Many people who have never studied calculus have wondered just 
what calculus is. Calculus is a subject of particular interest 
to the science student. He will find that it has practical appli-
cations in :most of the fields in which he is likely to find his 
life work. Most important, calculus helps the student to under-
stand the nature of variability. In addition to laying a found-
ation for technical knowledge and assisting in the practical 
application of knowledge already possessed, calculus offers un-
limited advantages in respect to mental training. The solution of 
a problem demands logical thinking. This makes calculus the 
fascinating subject that it is. 
1.2-3 This paper has four objectives: to emphasize the basic concepts of 
a mathematical method so that certain principles will endure long 
after details have been forgotten; to show that mathematical methods 
of analysis are useful tools in the world of applications; to develop 
and stimulate intellectual curiosity with the student so that he bas 
the desire to continue with mathematics; and finally, to explain the 
methods used as a step-by-step development of the necessary calcul-
ation for a solution. 
1.3 SCOPE OP THB PAPER. 
1.3-1 This paper is addressed to the individual who wishes to know some-
thing of the calculus. It provides the mathematical background 
adequate for the solving of certain practical and every day problems 
by calculus. It contains a systematic development of the differ-
entation of polynomials, which makes small demands on the manipu-
lative skill of the reader. The emphasis is on the exercise of 
careful and continual thought rather than on the mechanical use of 
rules. 
1.3-2 This paper follows a graphic rather than a purely mathematical 
arr1,ngement, although there is no loss of mathematical continuity. 
A system of article, figure, and exercise numbering has been 
followed in order to facilitate cross reference. The mathematical 
reasoning progresses smoothly from the simplest numerical processes 
to the advanced applications, each step along the way resting squarely 
upon those which have gone before. The arrangement of problems is 
such that the working of the simple problems first will tend to make 
the more difficult ones easier of solution. The reader is therefore 
urged to wo.rk all problems in the order given. Time spent in working· 
problems will amply repay the student in giving him a depth of under-
standing to be obtained in no other manner. 
1.3-3 The methods and discussions in this paper do not require a knowledge 
of advanced mathematics, but they do require a solid foundation in 
elementary algebra. The student who has had some algebra will find 
that the earlier sections form a review and will aid him in applying 
algebra to principles discussed in the latter sections. This paper 
is not intended to be an exhaustive textbook on the particular sub-
ject, nor does it include the only possible approach. It does how-
ever, present an understanding and a method which can be adapted to 
meet the requirement of the particular problem at hand. Simple 
problems are employed throughout the paper to illustrate the general 
nature of the computations involved. A beginner should have no diff-
iculty in the following of instructions for they are written in an 
elementary style. Expressing the ideas in language understandable 
by a high school student has been a challenge in the preparation of 
this paper. 
1.3-4 The reader should guard against too rapid progress. A full and comp-
lete understanding of any branch of mathematics usually requires the 
solution of numerous problems on the part of the student. Application 
of what has been learned from the text to practical problems in which 
the reader is primarily interested not only will help with the sub-
ject matter of the problem but will serve the purpose of fixing in 
mind the mathematical principle involved. Proficiency in calculus, or 
any mathematics for that matter, depends upon thorough understanding 
of each step as it is encountered, so that it can be used to master 
that which follows. 
2.0 
COORDINATB GBCHB'l'R.Y 
2.1 LOCAnNG POINTS IN A PLANE 
2.1-1 One method used in mathematics for locating points in a plane is 
like the method we use in locating street intersections from the 
downtown section. Let us suppose we are standing on a street 
corner and a stranger asks us to direct him to some prominent 
building. We tell him to go four blocks east and five blocks 
north. By these directions, we have made the street intersection 
where we are standing a point of reference, or origin, from which 
distances are measured. Prom this point, we could count distances. 
to any point in the city, using a block as the unit of distance, 
and pairs of directions (east, north, west, or south) for locating 
the various points. Instead of main streets, mathematicians use a 
pair of perpendicular lines called coordinate axes. To draw a 
graph, we use two lines of reference, or axes. These correspond to 
the streets meeting at right angles. By convention, the horizontal 
line is called the X-axis and the vertical line is called the Y-axis. 
The point of intersection of the two lines is called the origin. See 
figure 2.1-1. 
2.1-2 Notice that the two axes divide a plane into four parts. These parts 
are called quadrants, the one in angle XOY being the first, that in 
I 
angle YOX the second, etc. The quadrants are numbered in counter-
clockwise order. 
2.1-3 The coordinates of any point in a plane are its abscissa and its 
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ordinate. The abscissa which is named first, is represented on 
the horizontal axis. Observe in figure 2.1-3 that the points with 
whole number coordinates are evenly spaced on the axes, and that 
points to the right of the Y-axis have positive abscissas, and 
points to the left have negative abscissas. Observe also, that 
points above the X-axis have positive ordinates, and points below 
the X-axis have negative ordinates. The ordinate of Point P is-lU\, 
its distance from the X-axis. Since SO=- PR, and SO= 4, then the 
ordinate of Pis +4. The abscissa of Pis PS, its distance from the 
Y-axis. Since RO = PS, and RO = 3, then the abscissa of P is + 3. 
Convention will have us write this point in a shorter method. The 
point with abscissa + 3, and ordinate + 4, is represented by (+ 3 ,+4). 
This point, (+3,+4) lies in the first quadrant. If the signs pre-
ceding the values are changed, the point will lie in another 
quad.rant. 
2.1-4 Example: (See figure 2.1-4) 
(1) Point A is in the first quad.rant. Its abscissa is + 3, and its 
ordinate is + 4, or A = (+3,+4). 
Point Bis in the second quad.rant. Its abscissa is -4, and its 
ordinate is +S, or B = (-4,+S). 
Point C is in the third quadrant. Its abscissa is -s, and its 
ordinate is -2, or C = (-S,-2). 
Point D is in the fourth quad.rant. Its abscissa is + 1.s, and 
its ordinate is -3.S, or D = (+1.s, -3.S). 
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2.1-s Exercises 
(1) Give the abscissa and ordinate- representations of the points 
A, B, C, D, E, and Pin the graph below. 
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(2) Draw a pair of coordinate axes and locate the following points : 
(-4, O), (4, 0), (0, 4), (O, -4), (-6, -6),(-2, 6), (6, -2). 
(3) Name the quadrant in which each of the points of Exercise (2) 
lies. 
(4) On graph paper draw the rectangle ABCD whose vertices are: 
A = (2, 3); B - (2, -3); C = (-4, 3); D = (-4, -3). 
(S) In what quadrant does each of the points of Exercise (4) lie? 
(6) Plot the following points: A= (-1, .. 2); B = (5, -2); 
C = (5, 4); D = (•l, 4). Draw the segments AB, BC, CD, 
and DA. What kind of figure is ABCD? Draw the diagonals 
DB and CA. What are the coordinates of the point of inter-
. section of the diagonals? 
2.2 PUNcrIONAL RBLATIONSHIPS 
2.2-1 The student is probably familiar with the drawislg of a graph of 
such an equation as y = x + 4 9 but it is essential to have a 
clear idea of what this operation means. 
2.2-2 A variable is a quantity which is changing or which may be assigned 
different values. The letters x and y in the equation y :: x + 4 
are variables. If xis assigned the value 1, then y DDJSt bes. If 
x should change to 2, then y D11st also change; in fact y would change 
to 6. Tims, for every permissible value of x, there exists a cor-
responding value for y. One variable is considered a function of 
another variable when there is some means (rule, correspondence, or 
relation) whereby to each permissible value of the one variable there 
corresponds one or more definite values of the other variable. 
2.2-3 In our case the relation between x and y is the equation y = x + 4, 
and the value of y is determined by the value given to x. But we 
could just as well give values toy, and find the corresponding 
values of x. Tims, the relationship between x and y might also be 
written x = y - 4. In this f<rm x is a function of y. 
2.2-4 Bxercises 
Complete the following: 
Cl) The circumference of a circle is a function of • 
--------
Solution: Its diameter. 
(2) The perimeter of a square is a function of • 
--------
(3) The area of a rectangle is a function of and 
--------
--------· 
2.3 GRAPHS OP .BQUATIONS 
2.3-1 Consider again the relation y = x 1- 4. Suppose we tabulate some 
values of x (called the independent variable) and the corresponding 
v~lues of y (called the dependent vt1'iable, since its value depends 
upon the value assigned for x). we have: 
I : I 
-3 
1 
2.3-2 Each pair of values x and y, for example, x = -3, y = 1, is plotted 
on the axes as one point, the point (-3, 1). All of these points 
; 
lie on the same straight line. See figure 2.3-2. 
2.3-3 The equation, y = x ~ 4, is called the equation of this line since 
the coordinates of any point on this line are connected by the rel-
ation y = x + 4. Because the graph of the equation results in a 
straight line, it is called a linear equation. 
2.3-4 However many elementary functional relationships are not expressed 
by a linear equation. Por example, for the relation y = x2, we have : 
2.3-5 The points, (-2, 4), (-1, 1),. (O, O), (1, 1), etc., lie on the curve 
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(a p~abola) whose equation is y = x2 and all points whose co-
ordinates satisfy the relation y = x2 also lie on this curve. 
See figure 2.3-5. 
2.3-6 Purther, if any point whatever is taken on the curve, and if the 
:x:-distanee and y-distanee of this point are measured, the values 
of x and y so obtained 1111st satisfy the equation y= x2• 
2.3-7 Hence we see that the equation of a curve is the relation between 
the coordinates of every point on the curve. 
2.3-8 Exercises 
Draw graphs of the following equations: 
(1) y = X 
(2) y = X + 10 
(3) y = 2x - 4 
(4) Y = x3 
(5) y 2x2 - 4 
(6) y = x2 + 1 
(7) y = 25 ~ 2sx2 
(8) y = 2S +- 2Sx2 
(9) Y= 'r' 
(10) ,. = ! 
X 
(x = 0 is not a permissible value in this 
functional relationship) 
I 
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2.4 AV.BRAGE RATB OP CHANGB 
2.4-1 A very important aspect of a graph is to look upon it as the 
relationship between two variables. A graph enables one to see 
how one variable changes in relation to the other one. Por ex-
ample, with the curve y = x2 , we see for large negative values 
of x, that y is large and positive; when x increases positively, 
y decreases until the lowest point on the curve is reached. Then, 
as x continues to increase, y begins to increase. Notice that for 
the curve y = x2, all points on the curve lie above the x axis. 
2.4-2 Let us now consider more fully this curve y = z2., in which the 
corresponding increases of the variables are not equal. See 
figure 2.3-S. 
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Study the above table of values, which express a functional rel-
ationship between the variables x and y. Notice when x changes 
from -2 to O, y changes from 4 to o. The change in x is O - (-2) = 2; 
the change in y is O - 4 = -4. The change is y divided by the change 
in x is ..l. or -!. 
-4 2 
Definition: The average !.!!!. 2f. change of y with respect to x is the 
change in y divided by the change in x. 
2.4-4 One example of this average rate of change concept is familiar to 
all of us. Suppose on an auto trip we keep a mileage chart show-
ing miles traveled during the trip. 
Time in hours t 8:00 8:12 9:00 9:30 10:00 
Mileage s 0 4 55 80 110 
Our average speed from 8:00 to 8:12 
= 
4 
- 0 4 = 20. = -8.2 - 8 .2 
Our average speed from 8:00 to 9:00 = 55 -o = ~ = ss. 9 
- 8 1 
Our average speed from 8:12 to 9:00 = 55 - 4 = ~ = 63.75. 9 s.2 .s 
Our average speed is the average rate of change of the distance from 
the starting point with respect to time. 
2.4-S As another example consider the following table of values: 
Such a table is one way of describing a functional relationship be-
tween two variables, x and y. Using the tabulated information we 
can compute the average rate of change of y with respect to x for 
various changes in x. For example, the average rate of change of y 
with respect to x as x changes from -3 to -1 is: 
change in y _ -2 - C-S) 6 _ 3 ; 
change in x - -1 - (-3) = 2 -
tbe average rate of change of y with respect to x as x changes 
from -3 to 2 is: 
change in y = 6 - (-8) = !1 = 2 •8 
change in x 2 - (-3) 5 
2.4-6 As another example consider the functional relationship y= 3x - 2. 
It is easy to compute the average rate of change of y with respect 
to x for the various changes in x. Thus, the average rate of change 
of y with respect to x as x changes from 2 to Sis: 
(y value at x = 5) - (y value at x = 2) (15 - 2) - (6 - 2') = 
S - 2 = 3 
13 ; 4 = != 3. 
Likewise, the average rate of change of y with respect to x as x 
changes from Oto 3 is: 
(T Value at X = 3) • (y Value at X = 0) = 
3 - 0 
1 + 2 = ! = 3. 
3 3 
(9 • 2) - (0 - 2) 
3 = 
2.4-7 As another example consider the functional relationship y = 2z.2+ 4x. 
The average rate of change of y with respect to x as x changes from 
-1 to 2 is: 
(y value a~ x = 2) - Cy value at x = -1) = (8 + 8) · - (2 - · 4) 
2 - (-1) 2 • (-1) 
16 + 2 = !! = 6. 
2 + 1 3 
Likewise, the average rate of change of y with respect to x as x 
changes froa Oto 4 is: 
(y value at x = 4) - Cy value at x = O) = 
4 - 0 
48 4 =12. 
(32 + 16) - co+ 0) 
-4 
2.4-8 The preceding is bulky and wordy. In order to talk about these diff-
erences in values of x and y, we employ a shorthaac:l methocl to denote 
them. Our short hand for the differences in values of xis diff x, 
and that for the differences in y is diff y. Observe that this short 
hand does not mean to multiply the difference by :x, rather diff x 
should be thought of as one (composite) symbol denoting the amount of 
change in the Yariable :x. Similarly, diff y denotes the change in 
the variable y. 
2.4-9 If C:x, y) and(x,, r.> are two pairs of corresponding Yalues for :x and 
·y, then the average rate of change of y with respect to x as :x: changes 
from :x to :x1 is: 
diff y _ I - J. 
dif f :x: - :x: - :JG 
(Read the definition in 2.4-3 again.) 
2.4-10 lb:ercises 
(1) Pind the average rate of change of y with respect to :x for the 
following functional relationships and the given change in x. 
Ca) y = !Ox, x = O to x = 20 
Solution: diff Y - I - J - 200 - 0 - 200 -10 dif f X - X - Xi - 20 - 0 - 20 - • 
(b) y = 10x, X = 0 to X = 10 
(c) y = lOx, x = 10 to x = 12 
{d) y = -4x + 10, X= -6 to X = 6 
(e) y = -4x --t- 10 , X = -6 to X = 0 
{f) y = -4x + 10, X = 0 to X = 6 
(2) What conclusion do you draw regarding the average rate of 
change of a linear function? 
(3) Pind the average rate of chaDge of y with respect to x for the 
following functional relationships and the given clumge in x. 
(a) y = x2, :x = -2 to x = 0 
Solution: diff I_ Y - ! _ 0 - 4 = -4 =-2. 
diff :X - X - llj - 0 - (-2) 2 
(b) y=x2,x=Otox=2 
{c) y = x2, x = -2 to x = 2 
(d) 
(e) 
(f) 
y = 2x2 ,+ X, X = -1 to X = 0 
y = 2x2 + x, X = -1 to X = 1 
y = 2x2 + X, X = 0 to X = 1 
2.S SLOPB OP A STRAIGm' LINB 
2.s-1 In the preceding exercises the student observed that the average 
rate of change of a linear function is a constant (the same value 
regardless of the change in x). This constant val~e, cliff I, is diff X 
defined to be the slope of the straight line which is the graph of 
the linear functional relationship. Mathematicians conventionally 
use the letter "m'' to denote the slope : 
m = diff I = I - 11 • diff X X - Xe 
2.s-2 We may arrive at the same conclusion regarding the constant value 
of :~, i by looting at the graph of a straight line instead of 
at its equation. Por example, let us find the slope of the line AB 
in figure 2.s-2. We take two points on the line, for exaaple 
<-2, -2>, and (4, 1); then, 
11 = diff t _ t - y, _ -2 - 1 _ .:! _ ! . di£f X - X - Xi - -2 • 4 - -6 - 2 
Similarly, we take any third point C, (:xj, y.) on the line. Then 
using similar triangles we see that: 
x, - (-2) _ l - (-2) _ ! _ ! • 
YI - (-2) - 1 • (-2) - 6 - 2 
Thus, we find the slope of line AB to be the constant ! • 
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2.5-3 Bxercises 
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(1) Pind the slope of the lines in the following: 
B 
ACEG I KMO 
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(a) AB 
Solution: A = (11, 9) 
B = (1, 1) 
dif f y _ 9 - 1 _ .J!. _ ! 
diff X - 11 - 1 - 10 - 5 • 
Comment : Note that we may pict any two points on 
Cb) CD 
Ce) BP 
Cd) GH 
the line, for example, A1= (6, 5), B, = cs.s, 7); 
then, 
diff y = 
diff X 
7 • S 2 ._ 
s.s- 6 = r.s=s • 
Ce) IJ 
-Cf) n 
-Cg) MN 
Ch) OP 
(2) What conclusion can you draw about the relationship be-
tween the directions of the given lines in the chart of 
lbtercise (1) and the signs of their slopes? 
3.0 
SLOPB OP A CUI.VB 
3.1 TANaNI' LINES 
3.1-1 We now explain what is meant by the direction of the curve y = x2, 
at any point P (::z;, y;) on it. See figure 3.1-1. Let (x, y) be the 
coordinates of a second point Q on the curve. Then, the straight 
line joining P and Q has a direction given by its slope, 
m = dif f y _ Y - !j _ x2 - ",2 ~ (x - 3)(x + !,) = x + 
dif f X - X • :Ii - X - ~ X - Xj Xie 
3.1-2 Now suppose that Q is chosen closer and closer to P, that is, that 
x approaches :xi- We know that y approaches Yi• What is now of inter-
est is the behavior of the slope of PQ as x approaches~. It is easy 
to see that as x approaches x., x + x. approaches 2lri• Hence, the 
slope a = x 1- Xi of the secant line PQ approaches 2zi as Q approaches 
P. A line PT through P with this· slope of 2xt is tangent to the curve 
y = x2 at P, and the slope of y = x2 at Pis defined to be the slope 
of the tangent line PT. 
3.1-3 If, for example P = Cl, 1), the tangent has t.he slope of 2. If 
P = (2, 4), the tangent has the slope of 4. In general, the curve 
y = x2 has a direction at every point, namely, the direction of the 
tangent to the curve at this point. If the · point is <x., ,;>, the 
direction is given by the formula 2~. · The term 2x, is a formula 
for the slope of the curve y = x2 at the point Cx., v.>. If we assign 
x.auy value, as 6, then the value 2:6 = 12 is the slope of the line 
which is tangent to the curve at the point whose abscissa is 6. 
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Tims, the slope of the curve changes with each point on the curve. 
For as x.changes, so does 2Xi- This differs from the slope of a 
straight line, which we found to be a constant. 
3.1-4 Exercises 
(1) Plot y = x2. Find the slope of the tangent at Cl, 1); at 
(-1, 1); at (2, 4); and at c-2. 4). 
(2) Plot y = x3. Find the slope of the tangent at (1, 1); at 
(2, 8). 
(3) Bow does the slope of y = x3 change as one moves along the 
curve? 
3. 2 POLYHOMIAL CUR.VBS 
3.2-1 .We have considered the curve y= x2 , and found its slope at a 
point P <Xi, r.> to be 2JG. Consider now another example, the curve 
y = x2 + 2x. Let P <x., y;) and Q (x, y) be two points on this 
3.2-2 
curve. Then, 
l = xf + 2s. for P = <x., y.), 
and y = x2 + 2x for Q = (x, y). 
Subtracting, 
y - 'Jf = <x2 - ~) + 2(x - JEi). 
Then, 
diff y _ y - y; _ Cx2 - !J2) -t- 2(x - !9), 
dif f X - X - :z; - X - X. 
or diff y diff X = (X + ~ + 2 • 
Thia is the average rate of change of y with respect to x on the 
arc from P to Q. 
Now let x approach X], so that x + x., approaches az.. Then :~~~ i 
approaches the slope of the tangent line at (z., r.> , which we call 
the slope of the curve at Cz., 1.> and denote by lls.• Thu.s, the slope 
at <z., lj) is: 
We now have found the slope of the polynomial y = x2 --t- 2x at any 
point P (~, Yi> to be 2x,+ 2. The subscript has served its purpose, 
and so for brevity, we say that the slope of y = z2- + 2x at (x, y) 
is llx = 2x + 2. 
3.2-3 Bxercises 
Calculate Dix for each of the following functions: 
(1) y = x2 - 2x 
Solution: Suppose P <x., Yi> and Q (x, y) are two points on 
the curve. Then, 
and Y = x2 - 2x. 
Thus, y - Yi = x2 - 2x - x~ + 2x, = (x.2 - !,2) - 2(x - x.) = 
X-Xt X-X, X -X1 
(x - x,) (x +- x,) - 2 (x - x,> = x + x, _ 2 • 
X - X 1 
Now let P approach Q. Then x 1 approaches x, Xi + x approaches 2x, and 
x+ x,- 2 approaches 2x - 2. Thus, the slope of the polynomial 
y = x2 - 2x is Dix= 2x - 2. 
(2) y = x2 + 2x + 1 
(3) y = x 3 - 3x2 + 2x + 1 
(4) 
(S) 
4 2 y = X - X 
Y = 4x2 - 3 
3.2-4 We now consider an alternate method for determining the slope of a 
polynomial curve, such as the curve y = 3x2 - Sx. Let P C:x;, v.> and 
Q (x, y) be two points on this curve. See figure 3.2-4. 
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Suppose we set x1 - x = h so that x. = :x + h. Then, 
diff y _ t - y 
diff X - S. - X 
(3xt - Sx.) - Clx2 • Sx) _ 
:JL,- X 
3 (x + h)2 - 5 (x + h) - 3x2 + Sx = 
h 
3x2 + 6:xh + 3h2 - Sx - Sh -.3x2 + Sx 
h = 
6xh· + 3h2 -sh - 6x + 3h - 5 
. h - • 
Then as P approaches Q, h approaches, zero and the slope of PQ,. which 
we have computed,as 6x + 3h - 5, approaches 6x - s. Therefore, 
mx -= 6x - S. The student should do the Exercises in article 3.2-3 by 
this alternate method for determining the slope of polynomials.· 
3.3 THB DBRIVATIVB OP A POLYHONIAL 
3.3-1 This brings us to the title of the paper. In the preceding 
sections we treated the slope of the polynomial curve given by an 
equation y = (a polynomial ia x). The slope as is a formula which 
gives the direction of the tangent line at a poin.t ex. y) on the 
curve. Por each polynomial in x. there is a corresponding a.,c. 
This m:x: is a number, as 2 or -6 or li, or it is another polynomial. 
In calculus books• the ax polynomial or nwaber is c::allecl the 
derivative of the given polynomial. Por convenience here, let.us 
use Px as a symbol for a polynomial in x or a constant. In w•t 
follows the letters a, b, c, d denote constants, xis the iadepend-
ent variable, and y the dependent variable. 
PllOOP: 
PR.OOP: 
If Px = c, then 11z = O. 
Let P <Xi, 'Ji) and Q (x, y) be two points on the curve 
(a straight line is considered to be a curve in higher 
mathematics) whose equation is y = c. Then, 
diff Y = I - J = c - c = O; therefore 11z = o. 
dif f X X - X. X - X1 
If Px == x, then 11z = 1. 
Let P <Xi, 'fi) and Q (x, y) be two points on the curve, 
whose equation is y == x, Then, 
3.3-4 THBORBM: 
PROOP: 
3.3-5 THBORBM: 
PllOOP: 
dif f y _ I - y _ !, • x _ 1 
dif f X - Xi - X - X, - X - • 
If Px = ax + b, then Dix= a. 
Let P (x., Yj) and. Q (x, y) be two points on the curve 
whose equation is y = ax + b. Suppose we set z. - x = h 
so that x. = x + h. Then, 
diff y _ J - y _ <a:x1 + b) - (ax :t b) _ 
dif f X - X. • X - X. - X -
a(x ;- h) i'" b - ax - b = ax -+- ah - ax = 
h h 
The ref ore, "x = a. 
ah 
- = a. h 
If Px = ax2 + bx + c, then 1llx = 2ax + b. 
Let P (x,, r.> and Q (x, y) be two points on the curve 
whose equation is y ::: ax2 + bx + c. Suppose we set 
Xi - X = h so that X. = X + h. Then, 
dif f I _ J - y _ (a:xf + bx, + c) - (ax2 + bx + c) = 
diff X - ~ - X - ¥ 1 - X 
a(x + h)2 + b(x + h) + c - u.2 - bx - c _ 
h -
az2 + 2axh + ah2 + bx + bh - ax2 - bx 2azh --t- ah2 + bh 
....... _.----~----~-----------------= = h h 
2ax+ ah+ b. 
Let P approach Q. Then h approaches zero, 2ax + ah + b 
approaches 2ax + b. Therefore Dix= 2ax + b. 
PllOOP: 
If Px =- u:3 + bx2 + ex + cl, then Dix = 3as2 T 2bx +- c. 
Let P (x,, Yi> and Q (x, y) be two points on the curve 
whose equation is y = ax3 + bx2 + ex+- d. Suppose we 
set X. - X .::: h so that x, = X T h. Then, 
diff y _ (ax~+ l?!,2 + ex.+- d) - (ax3 + bx2 + ex+ d) 
dif f X - Zt - X -
a(x-+ h)3 + b(x + h)2 + c(x + h) + d - ar1 - bx2 - ex - d 
h = 
3ax2h + 3axh.2 + ah3 + 2bxh + bh2 + ch 
h -
3ax2 + 2bs + C + 3axh + ah2 + bh. 
This expression is a fol'JIILlla for the average rate of change of y with 
respect to x in tbe interval from x to x -t- h. To 
approach Q. Then 3axh ;- ah2 + bh approaches zero 
find Dix, let P 
and diff y 
diff X 
approaches 3a:x:2 + 2bx + c. Therefore mx = 3ax2 + 2bx +- c. 
3.3-7 THBOIUII: 
PROOP: 
if n is a positive whole number and if 
· _n. n-1 Px = a,,x- + a, x + • • •+ &n-i:z: + 8n, then 
n-1 n-2 1lx = n&ox + (n - l)a1 x + • .. + &n-1 • 
Let P ~. ~) and Q (x, y) be two points o~ the curve 
whose equation is y = Px• Set x, - x = h so that 
X. = X + h. Then, 
diff y - J - y _ 
diff X - X, • X -
As P approaches Q, h approaches zero and a,(x + h)n - a..r1 
It 
Similarly, we could treat the other fractions within the braces 
above. 
na.,x11-1 
Finally, then,as P approaches Q, diff I approaches 
diff X 
( ) n-2 + n - 1 a, x + • • • + &n-l which is the f onula for 111:x. 
To illustrate this last Theorem, if Px = 6xS - 7x4 + 8x2 - 7x + 3, 
then Dix= 6•Sx4 - 7•4:x:3 + 8•2x - 7, or Dix= 30x4 - 28x3 + 16x - 7. 
3.3-8 Bxercises 
find 111:x for each of the following: 
(1) y = 2x - s (2) y:. -x - 3 
(*) Por the mechanics of expanding a binomial the reader should consult any 
college algebra text, for example, Rosenbach and Whitman, College Algebra 
Revised Edition, Ginn and Company, (1933), Page 188. 
(3) y = 2x - 3 (4) y=2x-x2 
(S) 1=x2+x1- 1 (6) y=x2 -:Jx 
(7) y = x3 - 9 (8) y = :x3 - 9x 
(9) y: x3 _ 9x2 (10) 3 2 Y=X -9x+ X - 1 
4.0 
MAXIMUM AND MINIMUM 
4.1 GRAPHICAL RBPRBSENTATION OP POLYNOMIAIS 
We found diff Y to be the average rate of change of y with respect 
diff X 
to x as x changes from point P <x., y1) to point Q (x, y). Likewise, 
we found Dix at Q to be equal to the value which diff I approaches 
diff X 
when point P approaches point Q. The value of mx at a given point 
Q (x, y) is the instantaneous !.!!!, of change of the polynomial; or 
if the polynomial Px is represented by a curve y = Px on a graph, the 
value of Dix at any point is the slope of the curve (i.e., the slope 
of the tangent to the curve) at that point (positive if the tangent 
points upward, and negative if it points downward, -,vlng to the 
right). Thus, to find Dix of a given polynomial Px at a given point, 
we need only to find the slope of the tangent line on the curve at 
the given point. A polynomial curve such as y = x3 - 3x2 - 45x + 10, 
is said to have a maxim1m at a point P bi, -,.) if at that point the 
curve is concave downward and the slope of the curve is zero. Sim-
ilarly, y = x3 - 3:x.2 - 45x + 10 has a minimum at a point P (x2, y2), 
if the slope is zero at that point and the curve is concave upward 
there. It is usually sufficient in many practical cases, to find the 
values of x which make lllx = O, then decide from a general knowledge of 
the curve or the sign of Dix to the right and left of P (~,,;),which of 
these values (if any) give a maximum or minimum. See figure 4.1-1. 
4.1-2 We shall now give the details of the aethod for determining maa:1.llllll 
and minimum points of a polynomial curve. 
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(1) Bquate Dix to zero and solve for x. 
(2) Determine whether mx is positive or negative for nearby 
points on the left and right of x. 
(3) A point where Dix= 0 is a ~~m point if ID:x > 0 for 
nearby points on the left of x and mx < 0 for nearby points 
on the right of x. 
(4) A point where mx = 0 is a minimum point if Dix< 0 for nearby 
points on the left of x and Dix> o for nearby points on the 
right.of x. 
4.1-3 We have already found that for the curve y = x2-+- 2x, Dix= 2x + 2. 
See article 3.2-2. To establish whether the curve has a maximm or 
a minimum point, we set 1Dx = o. 
Thus, O = 2x + 2 
or 2x = -2 
and X = -1. 
This means that -1 is the abscissa of a point on the curve at which 
the slope lllx is zero. This point is a point like P, Q, or R in 
figure 4.1-3. Let us investigate it further. 
4.1-4 We now loot at the value of Dix for nearby values of x to the left and 
right of x = -1. Thus, at x = -1.s, 
111:x = 2(-1.5) -+ 2 
or Dix= -3 -+ 2 =-1. 
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More generally if x < -1, then 2x <- 2, 2x + 2 < O and mx < 0 to 
the left of x=-1• Furthermore, at x = -.s, 
or 
lllx = 2(-.5) + 2 
Dix = -1 + 2 = 1. 
In general, if x > -1, then 2x > - 2, 2x + 2 > O and Dix> O to the 
right of x = -1. 
We haYe now shown that 11z = 0 at x = -1, Dix< O to the left of 
x = -1, and Dix > 0 to the right of x = -1. The ref ore, the point on 
the curve with abscissa -1, is a mini1111111l point. See article 4.1-2. 
Substituting, x = -1:, we have 
y = (-:1.) 2 + 2(-1); 
or y = 1 - 2 = -1; 
thus, (-1, -1) is the minimum point of the curve. Since it is the· 
only point on the curve at which Ills = 0, there are no other maximum 
or minimum points. This information is useful in sketching the graph 
of the curve. See figure 4.1-S. 
Exercises 
Pind the maximum or mini11111m points for each of the following 
equations. Graph. 
(1) y = x3 - 12x + 1. 
Solution: 11,c = 3x2 - 12. 
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Set 111,c = O, O = 3x2 - 12 
-Jx2 = -12 
x2 = 4 
X ::. ± 2. 
If O < x < 2, then x2 < 22 , x2 - 4 < O, 3x2 - 12 < 0, and mx < O to 
the left of x = 2. Furthermore, if x > 2, then x2 > 22 , x2 - 4 > O, 
3:x2 - 12 > O, and 9x > O to the right of x = 2. We now have shown 
that 11:x = O at x = 2, 9x < 0 to the left of :x = 2, and ~ > 0 to the 
right of x = 2. Therefore, the point on the curve with abscissa 2 
is a minimum point. When x = 2, 
y = (2)3 - 12(2) + 1 
or, y:::: 8 - 24 + 1 = -15; 
thus, (2, -1S) is a minimua point on the curve, y = x3 - 12:x + 1. 
However, we must also consider x = -2, siace 11,x: = 0 for this value 
of x. If x <-2, then x -1- 2 < O, x - 2 < O, (x + 2)(x - 2) > O, 
x2 - 4 > O, 3x2 - 12 > O, and 9x > 0 to the left of x = -2. If 
-2 < x < o, then x + 2 > o, x - 2 < o, (x -t- 2)(x - 2) < o, 
z2 • 4 < 0, 3x2 - 12 < 0 1 and Jax< 0 to the right of X = .. 2. We DOW 
have shown that Dix = 0 at x = -2, DL_x > O to the left of x = -2, and 
~ < 0 to the right of x = -2. The ref ore, the point on the curve 
with abscissa -2 is a maximm1. point. When :x: = -2, 
y = c-2)3 - 12(-2) + 1 
or, y = -8 + 24 -1- 1 = 17; 
thus, (-2, 17) is a llUlXimum point on the curve. See figure 4.1-6. 
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(2) y = x3 - 3x2 + 3x + 1 
Solution: Dix= 3x2 - 6x + 3 = 3(x - 1>2 
Set ":x: = 0, then :x: = 1. 
If X < 1, ":x: > 0; if X > 1, ":x: > O. 
Also, if x = 1, y = 2. Since the slope is positive on both sides of 
x = 1, we see th,.._t (1, 2) is neither a maximum or a mininim point. 
The reader may now complete the solution by sketching the graph. 
(3) 3 2 y = X - 3x + 4. 
( 4) 2y = x2 - 4x + 6. 
CS) y = 6x - z.2· + 4. 
s.o 
APPLICATIONS 
s.1 GRAPHS 
s.1-1 It ls now possible to make an application of the notion of the 
derivative to practical problems of e•eryday life, and the next 
section is devoted to this. The type of problem. solved (they are 
called problems in maxilla and ainfaa) is of the highest important-
.. 
ance. Simple geometrical probleas of this type are discussed first. 
They are followed by a muu.ber of "story" problems, which it is 
hoped, will give to the reader an id.ea of the scope of application 
of this theory and of its a>mmercial, as well as tlaeoretical, im.-
portance. 
s.1-2 Bxercises 
Construct and discuss the graphs of the following functions: 
(1) y = x2 - 4x - 3 
a) The derivative of the function is 2x - 4; 
b) The derivative is zero when x = 2; 
c) The curve is a parabola with vertex 
at the point (2, -7); 
d) The axis is the line :x: = 2; 
e) The parabola is concave upward. 
f) See figure s.1-2. 
(2) y = _3x2 + Sx + 1 
a) The derivative of the function is -6x+ S; 
b) The derivative is zero when x = 5/6; 
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c) The curve is a parabola with vertex 
at the po.int (S/6, 37/12); 
d) The axis is the line x = S/6; 
e) The parabola is concave downward. 
f) See figure s.1-2. 
(3) Y= x 2 - 6x-t- 9 (4) 2 y = x - Sx + 10 
(5) r=x2-7x-1 (6) y= 3 
- 4x - X 2 
(7) y = 5 2 
- 6X - X (8) y=S 2 - 6x + X 
(9) y=9 - sf (10) y = 9x - i2-
(11) y = x3 - 4x2 - 10 (12) y-. x3 - 1 
s.2-1 
5.2 PRACTICAL APPLICATIONS 
The preceding sections have been quite formal in type. They were 
designed to prepare the way for a series of applications of the 
calculus to everyday problems -- applications whose scope and im-
portance cannot fail to fill the mind with amazement and admiration. 
An attempt has been made to show that, by the use of the derivative, 
the maxi111Um value or values and the minimum value or values of a 
function which possesses maximum and minimum values can be found. 
In everyday life, problems requiring the determination of maxima 
and minima of functions are frequently encountered. These prob-
lems are generally comparatively simple to treat, inasmuch as the 
functions arising often have only one maximum value or one minimum 
value. As examples, cylindrical storage tanks for oil are to be 
built, or a cistern is to be dug and lined with cement, or cans for 
fruit are to be cut out of tin. In each of these cases the capacity 
of the container is fixed in advance; and it is important to be 
able to ascertain the most favorable dimensions, i.e., the shape of 
the container which will require the least material or whose con-
struction will cost least. Other problems involving maxima and 
minima may deal with the position of a source of light in order to 
obtain maximum illumination of a given area, with the most efficient 
speed for a given automobile or steamboat, with the greatest possible 
range of a projectile shot from a cannon having given muzzle velocity; 
in fact, it is not possible to complete an enumeration of the kinds 
of problems that can be solved by use of the theory which has been 
developed regarding maxima and minima. Some of these problems will 
now be stated and solved. 
s.2-2 Bxamples 
(1) It is desired to make a box out of a square sheet of metal 
12 inches in length by cutting out squares from the corners 
and turning up the sides. Find the dimensions of the larg-
est box which can be made in this manner. 
Solution: Let the side of the square to be cut out be de-
noted by x. Then, 
V = x(l2 - 2x) 2 = 144x - 4Sx2 + 4x3 , 
and mx = 144 - 96:x + 12x2. 
Setting Dlx = O, we get 
144 - 96:x + 12x2 = 0 
or 12(6 - :x:)(2 - x) = O, 
and X = 6; X = 2. 
When x = 6, the sheet of metal is entirely cut away and the 
volume of the box is o. This answer has no meaning, inasmuch 
as it does not satisfy the conditions of the problem. The 
maximum volume results if x = 2. In figure s.2-2 there is a 
graph of the polynomial 144x - 48x2 + 4x'. The solid portion 
of the curve, for x between O and 6,is the part which defines 
V in the problem. The maximum volume, 128, appears as the 
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ordinate c:fthe point with abscissa 2 • If x = 2, then 
12 - 2x 8. So the required dimensions are 8 .. by 8" by 2". 
(2) The distance from the earth of a ball shot upward with an 
initial velocity of 1,000 ft.i,sec. is given by 
S = 1,000t - 16.lt2• Sin feet, tin seconds. 
How high does the ball rise? 
Solution: The velocity of the ball is expressed by 
lilt= 1,000 - 32.2t 
and the distance is a maximum. when mt = o, i.e., when 
t = 1,000/32.2. If t = 1,000/32.2, then 
S = 1000(1000/32.2) - 16.1(1000/32.2)2, 
S = 15,528 (approximately). 
Therefore the required height is approximately 15,528 feet, 
or 2.9 miles. 
(3) A source of electromotive force .:a of 12 volts and with an 
internal resistance r of .1 ohms is connected to a load of 
variable resistance R. What will be the value of R when maxi-
mim power Pis being delivered to the load? 
Solution: By Ohm's law, the current I flowing through the 
circuit is given by the equation 
I= B 
r + l'l 
The power delivered to the external circuit is 
p I~ 
P may be ex.pressed as a function of I by eliminating a be-
tween the preceding two equa~ions. Thns, 
p 
-r12 + El 
p 2 or :::::: 
-.lI + 12I 
mx .::: -.21 + 12 
Setting -i • o, I = 60 when P is max:ima:un,. The corresponding 
It. is obtained by setting 
60 = 12 
.1 + .R 
Thns R. = .1 w~n P is a maximum. (Similarly, it can be shown 
that the maximum power is delivered to any load when the res-
istance of that load is equal to the internal resistance of the 
source of electromotive force. ) 
s.2-3 Exercises 
(1) If an object is thrown vertically upward with an initial velocity 
of V feet per second, the height h (in feet) it will reach after 
t seconds may be found by the formula h = Vt - 16t2• Find the 
maximum height attained for an initial velocity of 64 feet per 
second. 
(2) Pind the area of the greatest rectangle that can be be bounded by 
a line 20 inches long. 
(3) A street and a railroad track are straight and intersect at right 
angles. An automobile on the street is 2 miles away from the 
intersection and is approaching it at 60 miles per hour. An 
engine is on the track 1 mile from the intersection and is 
approaching it at 40 miles per hour. Pind when the engine and 
the automobile are nearest to each other. 
Hint: They will be nearest to each other when the distance (or 
the square 'of the distance) between them is a minimum. 
(4) A rectangular sheet of tin 24 inches wide is to be ma.de into a 
gutter by turning up strips vertically, along the sides. Pind 
the width of the strip turned up in orde~ to get the m.aximwa 
cross-sectional area. Also find the maximum cross-section~! 
area. 
(S) A square sheet of tin 18 inches on a side has a small square 
cut out of each corner so that the sides may be turned up to 
form an open box. Find the sides of the small squares so that 
the box will have the greatest volume. 
(6) A stone wall of indefinite length is available for one side of 
a rectangu~ar enclosure, which is to be fenced in on the other 
three sides. What is the maximum area that can be enclosed by 
200 feet of fence? 
Suggestion: Let x be the dimension of the enclosure perpendicular 
to the wall, and y the area. Express y in terms of x and find 
the maximum value of y. 
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